In this paper, we classify the reflexible regular orientable embeddings and the self-Petrie dual regular orientable embeddings of complete bipartite graphs. The classification shows that for any natural number n, say n = 2 a p
Preliminaries
In this paper, we consider a 2-cell embedding of a simple connected graph into a closed orientable surface, simply called a (orientable) map. The embedded graph is called the underlying graph of the map.
For a simple connected graph G, a dart is an ordered pair (u, v) of adjacent vertices in G. In a combinatorial way, a map M can be described by a pair M = (G; R), where R is a permutation of the dart set D whose orbits coincide with the sets of darts based at the same vertex. The permutation R is called the rotation of the map M. In the cycle decomposition of the permutation R, the cycle permuting the darts based at a vertex v is said to be the local rotation R v at v.
Given two maps M 1 = (G 1 ; R 1 ) and M 2 = (G 2 ; R 2 ), a map isomorphism : M 1 → M 2 is a graph isomorphism : There is another description of a regular map using two graph automorphisms satisfying some conditions. For a connected graph G, a pair ( , ) of automorphisms of G is called a mappable pair for G if the following conditions are satisfied: (1) is an involution, (2) the subgroup , of Aut(G) acts regularly on the dart set D, (3) there exists a vertex u such that the stabilizer , u of u is the cyclic group and (u) is adjacent to the vertex u. Such a vertex u and a dart (u, (u) ) will be called a root vertex and a root dart for a mappable pair ( , ), respectively. It was shown [2] that a graph G is an underlying graph of a regular map on a closed surface if and only if G has a mappable pair ( , ). In fact, for any mappable pair ( , ) with root vertex u, one can construct a regular map M( , ) = (G; R) as follows: For any dart (x, y) ∈ D(G), we define a local rotation R x at x by R x (x, y) = x −1
x (x, y) = (x, x −1 x (y)), where x is an automorphism in , which sends the root vertex u to the vertex x. Namely, for any vertex x of G, the local rotation at vertex x is determined by a conjugation of by an automorphism in , which sends the root vertex u to the vertex x. In this case, the map M( , ) is a well-defined regular map with the underlying graph G andAut(M( , )) = , . The following theorem is mentioned by authors in [6] . By Theorem 1.1, one can determine the number of distinct regular embeddings of G up to isomorphism by counting the orbits of mappable pairs under the conjugate action by Aut(G).
For a map M = (G; R), an integer e is called an exponent of M if the map M e = (G; R e ) is well defined and is isomorphic to M, or equivalently there is a graph automorphism :
It is known [9] that for an n-valent map M, the set of exponents reduced modulo n forms a subgroup of the multiplicative group Z * n , called the exponent group and denoted by Ex(M). As a special case, if −1 ∈ Ex(M), namely, M = (G; R) and its mirror image M = (G; R −1 ) are isomorphic then the map M is said to be reflexible.
For a map M = (G; R), the Petrie dual P (M) of M has the same underlying graph with M and the boundaries of its faces are Petrie polygons, i.e., zig-zag walks in M. It is shown [11] that for an orientable map M, the Petrie dual P (M) is orientable if and only if M is a bipartite map. The e-switch operator is a generalization of Petrie dual. For an n-valent bipartite map M = (G; R) and an integer e satisfying e 2 ≡ 1 (mod n), the e-switch M e 1/2 = (G; R e 1/2 ) of M is a map arising from M by switching the local rotations at all the vertices of one of the two partite sets to their eth powers. Using this notation, the Petrie dual P (M) of the map M is nothing but the (−1)-switch M −1 1/2 of M. It is known [11] that if Aut(M) contains an automorphism which interchanges the partite sets (in this case, we call the map M reversible) then M e 1/2 does not depend on the choice of a partite set in which the rotation is switched up to isomorphism. In this paper, we only deal with the regular orientable embeddings of K n,n which are reversible bipartite maps. So, there is no ambiguity of the choice of a partite set.
For an n-valent reversible bipartite map M = (G; R), an integer e satisfying e 2 ≡ 1 (mod n) is called a switch exponent of M if the map M e 1/2 is isomorphic to M. It is known [11] that the switch exponents reduced modulo n form a subgroup, denoted by Ex 1/2 (M), of both the multiplicative group Z * n and Ex(M). The subgroup Ex 1/2 (M) is called the switch exponent group of the map M. In particular, if −1 ∈ Ex 1/2 (M), then we call the map M self-Petrie dual.
A classification of the regular embeddings of K n,n has been studied, but not be completed yet. Some partial results are known as follows: For a prime n = p, it was classified by Nedela et al. in [10] . For n = pq (p, q are any primes), it was done by the authors in [6] and for n=p 1 p 2 · · · p k , where p i are odd primes and p i (p j −1) for all i, j =1, 2, . . . , k, or n = p , an odd prime power, by Jones et al. [4, 5] . For complete multipartite graphs, regular embeddings of K p,p,...,p with prime p are only classified [1] .
In this paper, we classify the reflexible regular embeddings and self-Petrie dual regular embeddings of the complete bipartite graph. See Theorems 3.9 and 4.4.
This paper is organized as follows. In the next section, we review some known results related to regular embeddings of the complete bipartite graph K n,n . In Section 3, we deal with reflexible embeddings and the exponent groups of regular embeddings of K n,n . In Section 4, self-Petrie dual embeddings and the switch exponent groups of regular embeddings of K n,n are dealt with. In the final Section 5, some examples are added with an answer of a question raised by Nedela andSkoviera in [9] .
Regular orientable embeddings of K n,n
To review a method to classify regular embeddings of K n,n given in [6] , let [n] denote the set {0, 1, . . . , n − 1}.
be the vertex set of K n,n as partite sets, and D = {(i, j ), (j , i)|0 i, j n − 1} the dart set, where (i, j ) is the dart emanating from i to j and (j , i) denotes its inverse. Note that |D| = 2n 2 . We denote the symmetric group on [n] = {0, 1, . . . , n − 1} by S and its stabilizer of i by S i . We identify the integers 0, 1, . . . , n − 1 with their residue classes modulo n according to the context. Let ( 1 , 1 ) be any mappable pair for an embedding of the complete bipartite graph K n,n . Since Aut(K n,n )S n Z 2 , the wreath product, contains all permutations of vertices of each partite set and the interchanging of two partite sets [n] and [n] , the map M( 1 , 1 ) is isomorphic to a map M( , ) for some ∈ S 0 by Theorem 1.1, where
Here, the vertex 0 is the root vertex and the dart (0, 0 ) is the root dart for the mappable pair ( , ). Certainly, for any ∈ S 0 , the group , acts transitively on the dart set of K n,n . So, the pair ( , ) is mappable for a regular embedding of K n,n if and only if | , | = |D| = 2n 2 . Let
and for any ∈ M n , we denote M( , ) by M( ) for brevity. And, the following theorem holds. [6] ). For the complete bipartite graph K n,n , {M( ) : ∈ M n } is a complete set of regular embeddings of K n,n up to isomorphism. In particular, the number of distinct regular embeddings of K n,n up to isomorphism is equal to the cardinality |M n |.
Theorem 2.1 (Kwak and Kwon
Now, to classify all regular embeddings of K n,n up to isomorphism, one needs to determine all the elements of the set M n . Let M be a regular embedding of K n,n . Then, there exists a ∈ M n such that M and M( ) are isomorphic. In this case, we call the mappable pair ( , ) a representative mappable pair for the map M.
The following lemma is related to a characterization of the set M n . [6] ). Let ∈ S 0 with | | = d.
Lemma 2.2 (Kwak and Kwon
(1) If ∈ M n , then d
is a divisor of n and is equal to the size of the orbit
{ i (1) : 0 i n − 1} of containing 1. (2) ∈ M n if and only if (j + k) = (j ) + − −j (−1) (k) for any j, k ∈ [n]. (3) If ∈ M n and k 1 ≡ k 2 (mod d) for k 1 , k 2 ∈ [n], then (k 1 ) ≡ (k 2 ) (mod d). (4) ∈ M n and (k) ≡ k (mod d) for all k ∈ [n] if
and only if there exists an integer r such that
Remark.
(1) For any group , a bijection : → is called a skew morphism with a power function :
So, Lemma 2.2(2) implies that ∈ M n if and only if : Z n → Z n is a skew morphism with a power function (j ) = − −j (−1) for all j ∈ Z n . The notion of skew morphism was first introduced and studied in the paper [3] .
(2) In [6] , the authors showed that ∈ M n if and only if for any
. Later, it turns out in a communication with Feng that these two equations are equivalent to the equation in Lemma 2.2(2).
For convenience, let B n be the set of pairs (r, d) satisfying the sufficient condition in Lemma 2.2(4), that is,
. Then, the following lemma holds.
Lemma 2.3 (Kwak and Kwon [6]). For any
For any natural number k, we define (0) = and (k+1) = ( (k) ) (1) inductively. Note that for any ∈ M n with (1) is the identity if and only if (k) ≡ k (mod d) for any k ∈ [n].
A classification of reflexible embeddings
In this section, we compute the exponent group of a regular embedding of the complete bipartite graph K n,n and classify the reflexible regular embeddings of K n,n .
Recall that for any ∈ M n , the local rotations at vertices i and i in the regular map M( )=(K n,n ; R) are determined by a conjugation of the local rotation at the root vertex 0 and they are
and
respectively (see [6] for details). For an integer e such that (e, n) = 1, let e −1 denote the inverse of e in the multiplicative group Z * n . It is shown that for an n-valent regular map M = (G; R) and for any integer e satisfying (e, n) = 1, the map M e = (G; R e ) is also regular [11] .
Theorem 3.1. For any ∈ M n and any integer e satisfying (e, n) = 1, e is an exponent of the regular map M( ) if and only if e (ke) = e (k) for any
k ∈ [n]. Hence, Ex(M( )) = {e ∈ Z * n : e (ke) = e (k) for all k ∈ [n]}.
Proof. For any i ∈ [n]
and any e satisfying (e, n) = 1, the local rotations of the map M( ) e = (K n.n ; R e ) at i and at i are
respectively. Let (¯ ,¯ ) be the mappable pair for the map M( ) e with the root vertex 0 and the root dart (0, 0 ). Then, for any k ∈ [n], we have¯ (0, (ke) ) = (0, ((k + 1)e) ), implying¯ ((ke) ) = ((k + 1)e) , and
(ke)).
And,¯
Note that the mappable pair (¯ ,¯ ) is not a representative mappable pair for the map M( ) e unless e = 1. To determine the representative mappable pair ( , ) for the map M( ) e , let ∈ Aut(K n,n ) be an automorphism defined by k → e −1 k and k → (e −1 k) for all k ∈ [n]. Then, one can see that For our convenience, we say that a permutation ∈ S 0 is reflexible For a natural number n, let
Then, one can see that ∈ M 2). We call the regular embedding M(id) the standard regular embedding of K n,n . So, for any n, there exists at least one reflexible regular embedding of K n,n .
The next lemma gives a classification of the reflexible regular embeddings of K n,n for odd n. Now, we classify the reflexible regular embeddings of K n,n for even n. From now on, we assume that n = 2m is even until the end of this section.
Lemma 3.5. (1) For any reflexible permutation
Proof.
(1) By using the reflexibility of repeatedly, one can see that for any j, k ∈ [n], (1) and
Since the order of is the size of the orbit containing 1, these two equations imply that (1) ≡ −1 (mod d) and
is the orbit of (1) containing 1 and (1) has order 2. Hence (1) is parity preserving or equivalently, (1) 
The next lemma gives two necessary and sufficient conditions for ∈ S 0 to be contained in M 
Proof. For a later use (at least twice), we first note that if : [n] → [n]
is defined by (2k + 1) = 2ky + 2x + 1 and (2k)=2ky for any 2k ∈ [n] and for some x, y ∈ [m] satisfying the condition (3)(i) then ∈ S 0 because gcd(y, m)=1. Since
for any 2j ∈ [n], one can say that d x,y is the smallest positive even integer such that d x,y (1) = 1. Moreover, since (2j + 2k + 1) = 2(j + k)y + 2x + 1 and (2j) + (2k + 1) = 2jy + 2ky + 2x + 1 for any 2j, 2k ∈ [n], we have (2j + 2k + 1) = (2j) + (2k + 1). This equation implies that i (2j + 2k + 1) = i (2j) + i (2k + 1) for any i, 2j, 2k ∈ [n] because is parity-preserving. Note that 2 (2k) = (2ky) = 2ky 2 = 2k for any even 2k ∈ [n]. Hence, d x,y (2k) = 2k and
Secondly, we note that if ∈ S 0 is the identity then (1) and (2) are satisfied. Moreover, (3) is also satisfied by taking x = 0 and y = 1. In fact, if x = 0, y ∈ [m] satisfy three conditions (3)(i)-(iii) then it should be y = 1 by the condition (3)(ii) and so is the identity. Hence, in the following proof, one can assume that is not the identity and x = 0 in (3).
Now, we start to prove (1) ⇒ (2). The equation (k) ≡ n − k (mod d) is already shown in Lemma 3.5(2). From this equation and Lemma 3.5(1), the power function of becomes
If is a skew morphism with power function (j ) = (−1) j for all j ∈ [n], then
for any 2k ∈ [n]. Hence, the permutation is completely determined by the values (1) and (2). Because is assumed to be not the identity,
implies that d is even and is parity-preserving. Let (1) = 2x + 1 and (2) = 2y, where x, y ∈ [m]. Then, for any even 2k ∈ [n],
Again, from the second condition of (2), we have (1)
, which implies that −1 (2k) = (2k). So, 2k = 2 (2k) = (2ky) = 2ky 2 , which implies (i):
Because (2(ky − xy) + 1) = 2ky 2 − 2xy 2 + 2x
, we get (ii): 
Recall that
Finally, we want to show that the permutation on 
where the second equality comes from Lemma 3.5(1). Now, one can easily show the equality of (j + k) = (j ) + (−1) j (k) by using the conditions (i)-(ii) depending on the cases of the parities of j and k. For example, if both j = 2j + 1 and k = 2k + 1 are odd, then (2j + 1 + 2k + 1) = 2(j + k + 1)y and
Now, we enumerate the number of reflexible regular orientable embeddings of K n,n up to isomorphism. There are at least |{ ∈ M n : | | = 1 or 2}| = |{r ∈ [n/2] : (r, 2) ∈ B n }| + 1 reflexible regular orientable embeddings of the complete bipartite graph K n,n by Corollary 3.3. In the following two lemmas, we count ∈ M 
where the last equality comes from the fact that all solutions of x 2 ≡ 1 (mod n) are odd for any even n. Clearly, x = 1 is also a solution of the congruence x 2 ≡ 1 (mod n). So, s equals the number of solutions of the congruence x 2 ≡ 1 (mod n). Now, one can see that the number of solutions of the congruence x 2 ≡ 1 (mod n) is 2 where
For the case of ∈ M 
Switch exponent groups and self-Petrie dual maps
In this section, we determine the switch exponent group Ex 1/2 (M) of a regular orientable embedding M of the complete bipartite graph K n,n and classify the self-Petrie dual regular orientable embeddings of K n,n . Note that for any integer e satisfying e 2 ≡ 1 (mod n), the e-switch (M( )) e 1/2 of the map M( ) is regular if and only if e ∈ Ex(M( )) [11] . 
Proof. For any k ∈ [n], if (ke) = e (k) and e (k) = (k) then e (ke) = (ke) = e (k). So, by Theorem 3.1, e ∈ Ex(M( )). Hence, in the following proof, one can assume that e ∈ Ex(M( )) and the map (M( )) e 1/2 is regular. For any i ∈ [n] and any integer e satisfying e 2 ≡ 1 (mod n), the local rotations at i and at i of the e-switch
respectively. Let (˜ ,˜ ) be the mappable pair for the map (M( )) e 1/2 with the root vertex 0 and the root dart (0, 0 ). Then, for any k ∈ [n],˜ (0, (ke) ) = (0, ((k + 1)e) ) and
And,˜
Hence,˜
To determine the representative mappable pair ( ¯ , ) for the map (M( )) e 1/2 , let be a graph automorphism of K n,n defined by k → k and k → (ke) for all k ∈ [n]. Then, By Corollary 4.3, the number of distinct self-Petrie dual regular embeddings of K n,n up to isomorphism is equal to |{(r, 2) : (r, 2) ∈ B n }| + 1. So, by Lemma 3.7, we have the following theorem. 
Examples
In this last section, we add some computational examples of exponent groups and switch exponent groups of regular embeddings of a complete bipartite graph.
Example 5.1. For any n, the map M n,0,1 of K n,n is a regular embedding. In this case, Ex(M n,0,1 ) = Z * n and Ex 1/2 (M n,0,1 ) = {e ∈ Z * n : e 2 ≡ 1 (mod n)} by Corollaries 3.2 and 4.2 (2) . So, the map M n,0,1 is reflexible and self-Petrie dual map.
Note that n = 8 is the smallest positive integer such that |M n | = |B n | and there exist reflexible regular embeddings of K 8, 8 which are not self-Petrie dual. 
